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Interaction dynamics of two diffusing particles:
contact times and influence of nearby surfaces

B. Tränkle,a D. Ruha and A. Rohrbach*ab

Interactions of diffusing particles are governed by hydrodynamics on different length and timescales.

The local hydrodynamics can be influenced substantially by simple interfaces. Here, we investigate the

interaction dynamics of two micron-sized spheres close to plane interfaces to mimic more complex

biological systems or microfluidic environments. Using scanned line optical tweezers and fast 3D

interferometric particle tracking, we are able to track the motion of each bead with precisions of a few

nanometers and at a rate of 10 kilohertz. From the recorded trajectories, all spatial and temporal

information is accessible. This way, we measure diffusion coefficients for two coupling particles at

varying distances h to one or two glass interfaces. We analyze their coupling strength and length by

cross-correlation analysis relative to h and find a significant decrease in the coupling length when a

second particle diffuses nearby. By analysing the times the particles are in close contact, we find that

the influence of nearby surfaces and interaction potentials reduce the diffusivity strongly, although we

found that the diffusivity hardly affects the contact times and the binding probability between the

particles. All experimental results are compared to a theoretical model, which is based on the number of

possible diffusion paths following the Catalan numbers and a diffusion probability, which is biased by the

spheres’ surface potential. The theoretical and experimental results agree very well and therefore enable

a better understanding of hydrodynamically coupled interaction processes.

1. Introduction

The evolution of life over billions of years has been accompanied
by many safety mechanisms.1 The simplest of these control
mechanisms is based on a multitude of interactions between
cellular components or between molecules, which act on specific
short ranges and unspecific long ranges, but also on different
time-scales. Among the long-range interactions hydrodynamic
interactions play a superordinate role, since they affect the
interaction dynamics between small particles in close vicinity,
as e.g. through the viscosity of the surrounding fluid. In this way,
the interaction probability between two binding particles can be
strongly reduced, if the arrival of one particle is delayed at the
interaction site. Living cells vary the size of their compartments
and the distance to interfaces such as membranes and thereby
change the local viscous drag.2

A typical strategy to better understand these mechanistic
principles, is to mimic cellular systems or colloidal solutions and
to reduce their complexity. A popular mimetic system consists of
a few diffusing colloids in a controllable external potential,

where the diffusion coefficients of one or two coupled spheres
can still be determined experimentally and theoretically.3,4

The motion of colloidal particles such as micron-sized spheres
can be measured and manipulated with optical tweezers and
position tracking techniques.

In this way, the hydrodynamic coupling of two particles was
investigated by means of two adjacent static optical traps.5,6

Here, position correlation functions turned out to be a versatile
analysis tool to gain insights into hydrodynamic coupling. Optical
traps were also used to induce colloidal interactions and to
investigate the influence of nearby surfaces.7–10 The tracking of
the colloids translational motion allows to determine interaction
parameters such as relative diffusion coefficients and inter-
particle contact times. In this context, the influence of nearby
cell membranes on the particle motion were measured by means
of magnetic11 and also optical tweezers.12

The diffusion inside small artificial vesicles was investigated13

using video microscopy, which is still the standard particle
tracking technique, although it is rather slow and erroneous in
axial direction. Until now, there have been only very few studies,
investigating the interaction of several particles influenced by
nearby surfaces.10,14–16 A second nearby surface was only investi-
gated for single diffusing particles or by bulk measurements.17,18

The influence of further boundaries was theoretically described
by a linear superposition principle.19
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Experimentally it is far from trivial to determine the 3D
positions of many diffusing particles on short timescales. Back
focal plane (BFP) interferometry is not only a precise and fast
3D tracking technique for a single particle,20 it can also be used
for several particles in an extended single optical potential21,22

or in an array of optical point traps.23 In this way the hydro-
dynamic interaction of two microspheres touching each other
in a single optical potential could be investigated on a time
window between 100 ms and 2 s.22

Although several novel tracking techniques have emerged,
none of them has been applied to investigate how interfaces
influence the hydrodynamic coupling and the contact times of
two diffusing particles touching each other. How quickly do
relative modes of motion decay, how is the diffusion coefficient
influenced or how is the distribution of contact times altered by
the interface?

These questions are addressed in our paper, which is organized
as follows: first, we analyse the motion of two particles in a single
potential with respect to their contact times and put this in the
context of a mathematical framework, which helps to explain the
observed contact time distributions. In the second part we study
the coupling of two particles diffusing in a single potential nearby
one and two flat glass interfaces.

Experimental principle of investigation

In our approach, we use an extended, line-shaped optical
potential, also called a line optical trap to trap two silica-
microspheres (radius a E 489 nm, Bangs labs, size variation
10–15%) in the same optical potential. The extended optical
potential is generated by scanning a optical point trap at 10 kHz
in a unidirectional manner (see ref. 21 and 22 for details). The
extended optical trap allows the particles to diffuse in all three
directions, where the weakest confinement (several micro-
meter) of the optical trap is in the scanning direction x, while
in the perpendicular directions y and z the particles motions
are much stronger confined, with estimated fluctuation widths
Dx = 36 nm and Dz = 115 nm (see Fig. 1). While scanning the
laser focus, light is scattered at the particles and interferes with
unscattered light. The interference intensity is projected onto
two quadrant photodiodes,21,24 which are used to determine the
particles positions in 3D with nanometer precision and at sub-
millisecond time resolution.22,25

To study the impact of nearby surfaces outlined in Fig. 1, we
used the piezo stage to alter the spheres’ position with respect
to one or two horizontal flat interfaces. This was achieved by
confining the spheres in a chamber consisting of two opposing
coverslips. The samples were prepared using a small coverslip,
placed on top of a bigger coverslip. The height of the chamber
was roughly controlled by the volume of the colloidal solution
brought in between the two plates. To avoid fluid flow and
evaporation, the chamber was sealed with vacuum grease. The
height L E 7 mm of the chamber was measured as follows.
While trapping a colloid in the optical trap, the chamber was
moved stepwise in axial direction using a piezo stage. For a
sphere center height h E a and for h E L � a, the sphere was
displaced from the center of the trap by the coverslip surfaces.
The axial displacement was precisely recorded using BFP-
interferometry, with a spatial resolution of 3–5 nm. The dis-
tance between the two points where the mean axial particle
position begins to shift from of the trap center yields the
chamber height L + 2a.

2. Theoretical framework
2.1 Distribution of contact times

The diffusive behavior of a Brownian particle is often modeled
via a stochastic driving force, resulting in stochastic variables
for the particles’ degrees of freedom. Since for contact events
between particles only the interparticle distance r12 is decisive,
we can describe the occurrence of contact events by a single
stochastic position variable in relative coordinates r12(t) (see
Fig. 1). For each time step, this distance variable increases or
decreases randomly by Dd. If r12 falls below the threshold
distance R0, a contact is assumed to be possible and the time
ton = tend � tstart is measured (blue trajectories in Fig. 2).

In our model, the start of a contact process is depicted by
the green point in Fig. 3, where the number of paths, which
lead to a certain grid point (i.e. a position sample point) is
indicated by the black numbers above the paths shown in
Fig. 3. The number of possible return paths (random walks)
that lead out of the contact zone after n steps, is given by the
number series 1, 1, 2, 5, 14,. . .(red numbers in Fig. 3). As
it turns out, this series is well known for diffusive processes
and in game theory and is given by the so called Catalan
numbers C(n).26

CðnÞ ¼ ð2nÞ!
ðnþ 1Þ!n!

: (1)

The total number of possible paths after n time steps is
Z(n) = 22n (green numbers in Fig. 3), since there are always two
possible directions and the contact zone can only be left after
an even number of substeps 2n. Therefore, the probability to
find a path of length n which has never left the contact zone is
given by

P nð Þ ¼ C nð Þ
Z nð Þ ¼

2nð Þ!
ðnþ 1Þ!n!22n

(2)

Fig. 1 Experimental scheme to investigate hydrodynamic coupling. The
laser focus is scanned fast in one dimension to generate a line optical trap.
The trapped particles diffuse rather freely in x-direction, but are confined
in y- and z-direction. The spheres diffusivities are influenced by nearby
surfaces and mutual hydrodynamic coupling (indicated by the blue circles).
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Using the Stirling equation27 n! ’
ffiffiffiffiffiffiffiffi
2pn
p n

e

� �n
for n - N,

one finds

PðnÞ ’
ffiffiffi
1

p

r
n�3=2: (3)

Since we did not make any constrictions to the minimal time
step Dt, this approximation holds valid for sufficiently fast
sampling p 1/Dt, or long contact times ton = n�Dt. In this case,
the overall behaviour of P(n) is well described by a power law
with exponent a = �3/2.

For two colloidal particles in a single potential, a further
interaction potential V has to be taken into account. Electro-
static repulsion between the spheres leads to a shift in the
stepping probability for steps towards or out of the contact
zone. In terms of first return probabilities this effect has been

modeled using different probabilities for steps back and forth
by Wan et al.28 If the probability for one substep is denoted by
p1 and a substep in reverse direction by (1 � p1) (see Fig. 3), the
contact time distribution in eqn (3) has to be expanded by an
additional term28

P n; p1ð Þ / n�
3
2 � 4p1 1� p1ð Þð Þ

n
2: (4)

For a return of r12 to R0 and without interaction potential, i.e.
V = 0, positive and negative substeps occur with p1 = 1/2 and
equally often, namely n times. If however p1 a 1/2, this will lead
to an even faster decay of p(n) on long timescales. In other
words, a repulsive potential V(r12) leads to a smaller probability
for long contact times according to

P ton; p1ðVÞð Þ � ton
�3
2 4p1ðVÞ 1� p1ðVð Þð Þ

ton
2 : (5)

Here, the one step probability p1 = p1(V(R0)) depends on the

force, i.e. the slope
@

@r12
Vðr12Þ of the interaction potential at a

defined distance r12 = R0. The potential V(r12) = �kT�ln(H(r12)) +
V0 can be derived by Boltzmann statistics from the interparticle
distance histogram H(r12) (see Fig. 2). The steeper the repulsive
surface potential V(r12), the larger is the repelling force

F r12ð Þ ¼ � @

@r12
V r12ð Þ. In the case the particles can get into

contact with each other at r12 = 2a and experience a maximum
repulsive surface force Fmax, a straightforward way to express
the forward step probability is given by

p1 V r12ð Þð Þ � 1

2
1� F r12ð Þ=Fmaxð Þ � 1

2
1� 1

Fmax

@

@r12
ln Hðr12Þð Þ

� �
:

(6)

For a repulsive, i.e. a decaying potential V(r12), the probability
for one forward step p1(V(r12)) becomes smaller until p1 = 0 at
the mechanical contact point r12 = 2a. With decreasing p1(V),
longer contact times are significantly suppressed.

By averaging the contact time distribution P(ton) over the
whole measurement time Tmes, the association constant kA is

obtained: kA �
1

Tmes

Ð Tmes

0 P tonð Þdton. kA is the average time, the

particles are in contact relative to the total measurement time
Tmes =

P
(ton + toff). As illustrated in Fig. 2 in blue colors, kA can

also be obtained from the distance distribution H(r12).
In our experiments, we measure contact times ton = n�Dt

in seconds, which are multiples of the minimal sampling time
Dt = (10 kHz)�1 = 0.1 ms.

2.2 Diffusion coefficients nearby surfaces

The motion of particles in a fluid are coupled via the hydro-
dynamic flow field. For two particles in external potentials with
fixed distances it was shown, that this coupling results in an anti-
correlated behavior of the particle fluctuations, i.e. their position
cross-correlation function Cc

x(t) in x direction is negative.6,29 This
characteristic could be explained by the difference in diffusion
coefficients for collective and relative particle motion.5 These
findings could be extended by us experimentally to the diffusion

Fig. 2 Interparticle distance trajectory and distance histogram. Determi-
nation of contact times ton for two particles in a single potential: the
interparticle distance r12 is determine by the 3D trajectories r1(t) and r2(t).
Each time r12 falls below a threshold distance R0, the time ton is counted.

Fig. 3 Schematic illustrating the Catalan numbers. The diffusion pathways
after n time steps Dt can be modeled by a stochastic variable r12. The
number of possible paths to each knot is counted by the numbers above.
Starting at r12 = R0, there is a single path leaving the contact zone after
n = 1 time step and overall Z = 4 possible paths. After n = 3 time steps there
are C = 5 leaving paths and altogether Z = 64 possible paths.
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of two particles in a single potential and theoretically by the
incorporation of an additional surface force.22 In our present
study, we introduce nearby surfaces in addition, which slow
down the particle fluctuations.

The diffusion coefficients derived for a single particle moving
parallel to a single surface is given by19,30

DkðhÞ ¼ Dk0 1� 9

16

a

h

� �
þ 1

8

a

h

� �3
� 45

256

a

h

� �4
� . . .

� �
; (7)

where DJ0 is the diffusion coefficient far from the interface. The
influence of a single surface on the diffusion coefficients of two
particles with fixed distances was studied by Dufresne et al.10

They found that a flat surface leads to a drop in both, relative
and collective diffusion coefficients, Dr and Dc

Dc;r
jj r12; hð Þ ¼ 2Djj0 1� 9

16

a

h
� 3

4

a

r12
1�

1þ 3

2
4h2=r12

2

1þ 4h2=r122ð Þ
3
2

2
64

3
75

0
B@

1
CA
(8)

The plus-sign between the second and third summand corre-
sponds to collective, the minus-sign to relative particle motion.
The influence on the collective particle motion turns out to
be more pronounced. For a decreasing distance to the surface
h Z 0, the interparticle contribution (third summand) tends to
zero and Dr and Dc become indistinguishable. The diffusion
coefficient, both for parallel and perpendicular movements of a
particle enclosed in a chamber with height L and distance h to
one of the surfaces can be described as19

D�1(h,L) = D�1(h) + D�1(L � h � 2a) � D0
�1. (9)

The first term on the right hand side of eqn (9) describes the
first surface, the subsequent term the second surface, and the
last term prevents to weight the free diffusion coefficient D0

twice. In other words, this approach independently superposes
the wall drag effects arising from each wall.

A theory describing the relative and collective diffusion
coefficients of two particles in a chamber is so far not available.
As a first estimation, one can apply the superposition principle
shown in eqn (9) using the relative and collective diffusion
coefficients in eqn (8). Here, one has to keep in mind that
this leads to an overestimation of the mutual hydrodynamic
coupling, i.e. the difference in Dc and Dr. This is because the
superposition not only takes into account the second surface,
but also includes again the correction terms for Dc and Dr.
Although a simple superposition leads to twice the interparticle
coupling, this approach can give a first impression of particle
dynamics in confined volumes.

3. Experimental results
3.1 Distribution of measured contact times

The 3D position fluctuation data of two particles diffusing in a
single potential was used to investigate their contact dynamics.
In contrast to ensemble measurements, where the readout
usually consists of the ratio of educts and products, line optical

traps allow to check contact processes of single particles. The
interparticle potential of the used particles is mainly deter-
mined by electrostatic repulsion. Therefore, irreversible bonds
do not take place and contact processes can be investigated
with high repeatability in a single measurement. The contact
times were determined as sketched in Fig. 2. We first obtained
the interparticle distance through r12(t) = |r1(t) � r2(t)|. Sub-
sequently, we scanned r12(t) for those trajectory parts, where
r12(t) is throughout smaller than the threshold distance R0 (blue
trajectories in Fig. 2). All trajectory parts with the same duration
ton were summarized and diagrammed in the distribution
P(ton) (see Fig. 4a). In Fig. 4a, the predicted decrease in P(ton)
for higher contact durations is clearly visible (the curves were
normalized to contacts/second). The contact times of the same
trajectory were determined for 3 different threshold distances
R0. These characteristic distances are displayed in Fig. 4b,
where the interparticle histogram H(r12) reveals the repulsive
interaction for small distances. For higher values of r12, H(r12)
drops again due to the optical potential, which confines the
diffusion volume of both spheres. In good approximation,
repulsive and attractive forces cancel out at the potential
minimum, i.e. close to R0 = 1.05 mm where the histogram is
maximal. According to our model, the interparticle distance r12

decreases or increases at R0 = 1.05 mm with the same stepping
probability p1 = (1� p1) = 1/2. In this case, a scale free power law
was deduced with the exponent a = �3/2, derived by the Catalan
numbers C(n). The same exponent a = �3/2, can be measured
by the blue line in Fig. 4a, which fits very well to the experi-
mentally found data (blue symbols). By varying R0 we can
estimate the influence of the interaction potential V(r12) =
�kT�ln(H(r12)) + V0 on the single step probability p1 and thereby
on P(ton,R0). The green and red symbols correspond to contact
durations with a smaller contact zone. The increase in V(r12)
can be described by a decrease in p1. The lines in Fig. 4a
correspond to eqn (5) with probabilities p1(R0 = 0.95 mm) = 0.465
and p1(R0 = 0.88 mm) = 0.4 respectively. As predicted, a higher
repulsive potential leads to a steeper decrease in P(ton,p1).

Fig. 4 Distribution of contact times and interparticle distance. (a) The
frequency of contact times decreases for longer contact times. Experi-
mental data is shown with markers for several threshold distances R0.
Theoretical data (shown with lines) corresponds to eqn (5) with step
probabilities p. (b) Histogram of interparticle distances H(r12) with threshold
distances R0 marked in coloured lines. The three distances R0 correspond
to three different strengths of the repulsive surface potential.
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4. Hydrodynamic coupling to nearby
surfaces

As predicted by eqn (7) and (8), the diffusion DJ(h) of a single
particle, but also the relative diffusion Dr

J(r12,h) of two adjacent
particles nearby a surface is slowed down due to an increased
viscous drag. Therefore one may ask how this change in
diffusivity influences the distribution P(ton,h) of the contact
times, the correlation between their position fluctuations, but
also the diffusion of one particle close to another one and close
to the surface.

4.1 Contact times between particles nearby surfaces

In the experiments, the mean distance hhi of the particles to the
wall was varied by steering the height hp of the piezo table. The
contact time distribution P(ton,h) was determined for 3 distinct
distances h. Interestingly, the influence of the nearby surface
on the contact time distribution is insignificant as shown in
Fig. 5. This underlines the scale free formalism in eqn (3),
which does not depend on time or local changes in diffusion
coefficients. For short contact times, the power law is clearly
visible (see Fig. 5a).

For sake of clarity, we summed all contact events in a certain
time window (bars in Fig. 5a) and depict P(ton,h) in the first
time window of 0.1–1 ms in Fig. 5b. For smaller distances h,
short contact processes occur slightly less often at higher
viscosity. Since the sum of all contact times is determined by
H(r12), longer contact times occur more often.

4.2 Diffusion coefficients near surfaces

For the determination of the diffusion coefficients we calcu-
lated the autocorrelation function Ca

i (t) = hri1(t),ri2(t + t)i of the
particle trajectories rij(t), ( j = 1, 2, i = x, y, z). On short
timescales the particle does not see the potential and the
diffusion coefficients are proportional to the slope of the
autocorrelation function, Ca(t) E �D�t. Fig. 6 shows the result
of this analysis for a single bead diffusing parallel to a coverslip
(x-direction) at a distance h (Fig. 6a) or between two coverslips
(Fig. 6b). In Fig. 6a the curves are each normalized by their
corresponding diffusion coefficients D0 determined far from
the coverslip surface (B40 mm), where hydrodynamic coupling

to the surface can be neglected in good approximation. The
theoretical prediction of eqn (7) is depicted by the solid red line.

The very same experiments were carried out with a second
particle nearby (green and blue symbols in Fig. 6a). Here, the
diffusion is not only hindered by the nearby wall but also
influenced by the diffusion of the other particle in the same
optical trap. For colloidal suspensions, it was shown that an
increase in particle density leads to a drop of the self diffu-
sional coefficient.31 Furthermore, time multiplexed optical
traps were used to study the influence of next neighbour
particles in a 3 � 3 grid of trapped colloids.23 As expected, a
second nearby particle leads to a decrease in the single particle
diffusion coefficient. Far away from the surface, we find a drop
in D0 by 17%.

For particles in the midplane between two walls, the
sphere’s diffusivity is suppressed near either wall (see Fig. 6b,
black symbols correspond to a single particle in the trap, blue
and green symbols to the diffusities for two particles in the
same trap). A nearby particle leads to a drop in D0 of about 15%.
However, the qualitative behaviour of D(h) close to surfaces
does not change. As shown by the blue and green solid lines in
Fig. 6a and the black dotted line in Fig. 5b, the course of D(h) is
well reproduced by eqn (7) and (9). A nearby particle leads to a
decrease of the diffusion coefficient D0 of 15%. A hydrodynamic
decay length L can be defined by fitting an exponential such
that D(r12,h) E a�exp(�h/L(r12)) + b. According to these fits, the
coupling lengths L(r12) decrease by a factor of about 3 for small
r12 relative to r12 - N (single particle).

4.3 Relative and collective diffusion of two particles. After
calculating the relative and collective position coordinates of the
two particles, we determined the corresponding diffusivities Dr

and Dc. As shown in Fig. 7a, the decrease of both, Dc and Dr near
a flat surface is clearly visible. This drop is well reproduced by
eqn (8), which is fitted to the experimental data (circles) and is
shown by solid lines. During a measurement, the interparticle
distance r12 is not constant, but changes continuously. For the
mean value r12 or D(r12), respectively, the differing values for
D(r12) were weighted using the histogram of the relative distance
H(r12) (see Fig. 4b). The distance dependent diffusivity inside
a chamber has a symmetric course of Dr and Dc. The linear

Fig. 5 Influence of nearby surfaces on the interaction probability. (a)
Contact time distribution P(ton,h) of two particles in a single potential up
to ton = 100 ms. The distance h of the optical trap to the surface was
stepwise decreased. The bars represent the sum over all contact events in
the indicated time window. (b) Inset of P(ton,h) for short contact times up
to ton = 0.1 ms.

Fig. 6 Single particle diffusion coefficients in the vicinity of one or two
surfaces. The regions inaccessible to the spheres due to the plane glass
walls are shaded blueish. Their positions were determined using eqn (7)
and (9). (a) Diffusion coefficients DJ(h) as a function of distance h from the
interface for a single particle with and without a nearby particle. Solid lines
correspond to a fit of eqn (7). (b) DJ for one and two particles between two
flat surfaces. The solid lines were calculated using eqn (9). The thickness of
the chamber was L E 7 mm.
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superposition approximation made in eqn (9) leads to an
overestimation of the mutual hydrodynamic coupling, i.e. the
prediction yields to low values for Dr and to high values for Dc

(straight lines). For comparison, the theoretical curves for a single
surface are drawn in black dashed lines. This overestimation
can be visualized by choosing a higher mean distance hr12i of
the spheres and thus lowering the contribution of mutual
hydrodynamic effects between the spheres. The dashed lines
correspond to a mean distance of hr12i = 2.5 mm (blue) and
hr12i = 1.5 mm (red), respectively.

5. Influence of nearby surfaces on the
interaction dynamics

The position fluctuations of two diffusing particles (index j = 1, 2)
are stochastic, but correlated. The hydrodynamic coupling of
their diffusive motion can well be seen in the cross-correlation
Cc

i (t) = hri1(t),ri2(t + t)i of the trajectories ri1(t) and ri2(t)
(i = x, y, z).5,6,23 For a better comparison, it is useful to
normalize the function Cc

i (t) by the particles standard devia-
tion, which leads to the normalized correlation function Ĉc

i (t).
The theoretical course of Cc

i (t) for two particles with fixed
distance in two external potentials was predicted by Meiners
et al.29 For two particles in a single potential the correlation
function is depending on short range interaction forces in
addition.22,32 The course of Cc

i is then determined by the acting
surface forces and the difference in relative and collective
diffusion coefficients.22

Cc
i ðt; hÞ ¼

kBT

2

1

ki
e
�kiDcðhÞ

kBT
�t � 1

ki þ kisð Þe
� kiþkisð ÞDrðhÞ

kBT
�t

� �
(10)

Here, k describes the optical trap stiffness, ks is the force
constant describing the strength of the linear surface force,
and Dc,r(h) are the distance dependent diffusion coefficients of
collective and relative motion.

As shown in Fig. 7, the diffusivities Dc,r are reduced in the
vicinity of surfaces and therefore we expect an influence on the

particle correlation functions. Fig. 8 displays the normalized
cross-correlation functions Ĉc

i (t) of two particles in a single
potential in all 3 dimensions (i = x, y, z). The distance to the
surface was lowered by altering the glass surface hp via the
piezo stage. Corresponding to our previously obtained results,22

the correlation function remains positive in the x-direction,
since mutual surface forces dominate the spheres’ motion. The
particles predominantly move in the same direction (pro-
nounced collective motion), favored by the electrostatic force.
In other words, the relative (surface and optical) potential is
steeper than the collective (optical) potential, leading to higher
fluctuation widths in collective direction. In y- and z-direction,
the surface force is less dominant and the potentials are
approximately equal. Since relative position fluctuations decay
faster than collective fluctuations due to the lower relative
diffusivity, Ĉc

i (t) shows a negative slope according to eqn (10).22

As shown before, a nearby surface reduces both Dc and Dr.
Therefore, Ĉc

i (t) in x-direction shows a slower decay. However,
the decrease in D(h) is steeper for relative motion than for
collective motion. If r12 tends to infinity and h becomes minimal
(h - a), the hydrodynamic coupling to the surface is much
stronger than the coupling between the spheres. A major benefit
of using linetraps is that we can measure correlations effects in a
timeframe of up to 2 s.

The effect, that a plane surface nearby two particles
suppresses the hydrodynamic coupling, can be well seen in
the correlation curves Ĉc

y(t) and Ĉc
z(t) of Fig. 8. The depth of the

dips in Ĉc
y(t) and Ĉc

z(t) are expected to become smaller for
decreasing distances h to the surface.

The two particle diffusion experiments in the chambers (two
plane surfaces) underline the results found for a single flat
surface. As displayed in Fig. 9, we observed a symmetric depen-
dency of Cc

i (i = x, y) on the distance to one of the two surfaces.
Again, the diffusion coefficients decrease and lead to a slower
decay in Ĉc

y(t), whereas in y-direction, the negative values in Ĉc
z(t)

become less pronounced. The maximal amplitude of the cross-
correlation functions is significantly reduced by the influence
of the surface.

6. Discussion

It remains an open question how interfaces influence the
hydrodynamic coupling and the contact times of two diffusing
particles touching each other. How quickly do relative modes of

Fig. 7 (a) Relative and collective diffusion coefficients of two particles in
the vicinity of one or two surfaces. Collective and relative diffusion
coefficients of two colloids are plotted in red and blue, respectively. Circles
represent experimental data, lines belong to theoretical predictions. The
regions inaccessible to the spheres due to the plane glass walls are shaded
blueish. (a) Single flat surface: solid lines correspond to eqn (8). (b) Two flat
surfaces: Solid lines were calculated by eqn (9). Black dotted lines repre-
sent the theoretical course of D for a single surface according to eqn (8).
Dashed lines: course given by eqn (9) with r12 = 2.5 mm (blue) and
r12 = 1.5 mm (red). The thickness of the chamber was L E 7 mm.

Fig. 8 Position cross-correlation functions for fluctuations parallel to
the surface. The distance to the nearby surface was decreased stepwise.
(a) A stepwise decrease of the distance h leads to a slower decrease in
Ĉc

x(t). (b and c) For smaller distances h, the dip in Ĉc
y(t) and Ĉc

z(t) becomes
less pronounced.
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motion decay, how is the diffusion coefficient influenced or how
is the distribution of contact times altered by the interface?

The principle of investigation

The technique we used for the hydrodynamic particle coupling
via interfaces was a combination of an optical line trap together
with 3D back focal plane interferometry and had been introduced
in our recent papers.22,23 The presence of one or two horizontal
glass interfaces had no influence on the 3D tracking precision,
which will be likely not the case for additional vertical interfaces.
However, the glass interfaces pushed the diffusing particles
upwards in z-direction, which led to a reduced fluctuation
volume. This stiffness of the optical trap in x- and y- direction,
was not affected by the reduced z-fluctuations. Moreover the
distance L between both interfaces needs to be varied in future
experiments.

Distribution of contact times and interparticle distances

We could show that the Catalan numbers, which describe the
number n of defined paths out of a defined volume, can be
identified as a distribution of contact times ton = n�Dt between
two diffusing spheres for a defined threshold distance R0. R0 is
typically some nanometers larger than the sum of the radii
spheres (here 2a). For a diffusion without external forces or
potentials, the probability to find the two particles within
the contact distance over the time period ton, P(ton,p1) B
ton
�3/2(4p1(1 � p1))ton/2, corresponds to a power law. For a

repulsive surface potential between the spheres, the forward
step probability p1 is reduced, and P(ton,p1) changes such that
longer contact times occur less frequently, whereas shorter
contact times are more likely. The single step probability
p1(V) can be derived qualitatively from the interaction potential
V(r12), or can be obtained through Boltzmann statistics by the
histogram of interparticle distances. It remains an interesting
task how a non-linear interaction force translates into the
distribution of contact times.

As shown in Fig. 4, the power law like behavior could be
verified very well by our experimental results. Remarkably, the
course of P(ton,h) holds also for increased friction due to a
decreased distance h to a surface. Whereas a nearby surface
slows down the relative and collective particle diffusion, the

distribution of contact times is hardly affected by the change in
friction. This result is well described by our scale free formalism.

Hydrodynamic coupling to nearby interfaces

The hydrodynamic coupling of the spheres was analyzed in
terms of cross-correlation functions (Fig. 8). In scanning direc-
tion, the particles motion is slowed down by a nearby wall and
shows a positive correlation. In the perpendicular directions,
the correlation functions reveal the anti-correlated behavior
reported earlier.5 A nearby surface strongly affects the particle
motion for small distances. In this case, the mutual coupling is
damped in comparison to the increase in friction and the
negative dip in the correlation function attenuates.

This behavior is a result of differing diffusivities of the
collective and relative particle motion. The diffusivities were
determined experimentally in the vicinity of one and two con-
fining surfaces for two particles in a single potential. For a single
surface, the measurements agree well with theoretical predictions.
However, in proximity of the second particle, the diffusivity of the
first particle is reduced notably and the hydrodynamic coupling
length L(r12) is decreased significantly as shown by Fig. 6 and 7.
Furthermore, a second nearby surface leads to even higher friction
coefficients. The diffusivities of two particles in a chamber could
be explained by a linear superposition principle and shows the
qualitative expected behavior.

7. Conclusion

Hydrodynamic coupling is supposed to play a key role in biological
processes, especially in particle interactions and binding probabil-
ities in confined compartments33 Whereas changes in viscous drag
hardly affect the contact times and the binding probability between
the particles, the diffusivity is reduced strongly. If the size of a
cellular compartment is reduced to increase the binding probability
of two particles therein, the increase in contact times is achieved
simply by the reduced reaction volume pushing the particles
together. The accompanying increased viscous drag simply slows
down all processes in time. In this way less information per time can
be transferred between particle and surface, e.g. through hydro-
dynamic momentum transfer.34 We believe that our experimental
results in combination with the theoretical framework can be used
to explain reaction processes in more complex environments con-
taining more complex particle distributions.
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