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Nonlinear model predictive control (MPC)
Discretized OCP
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Exploiting QP structure I: Condensing

Condensing of the sparse QP

Partitioning v := [Al'h A,,,AxN], w = [A:po,Auo,..A,AuN,l]:
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e Eliminate v := O, lc+ C, 1Cpw
e Solve smaller QP in w with dense solver

nden P
Co lde sedQ Drawbacks:
min 5wTHcondw + 9& qw e requires expensive condensing step
st dygng < Deong® < deond e dense QP of size Nn,,
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Exploiting QP structure lI: Interior Point methods

Highly structured QP

min i(l X Hyzp, + Tz.>

o kzozkkk 9k ?k

st.  Egti12k+1 = Crzr +ci Vk=0,...,N—1

0 =Dz — di +sg Vk=0,...,N

Linearize KKT system
e Choice of right-hand side

H cT DT Az T depends on specific method
c AX| __ |Teq (e.g., barrier parameter)
b A Tieq e Tailored factorization possible
S M As Ts
Perform Newton steps Drawback:
e Cannot exploit similarity
[z A s] + =« [Az AN Ap As] between problems

(“warmstarting”)
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Exploiting QP structure lll: Dual Decomposition
Highly structured QP

N
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Partial dualization
N N-—-1

X 1
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k=0 k=0
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Separable dual function
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s.t. di, < Dpzp < dy, Vk=0,...,N
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A separable two-level reformulation

Unconstrained consensus problem

N
m/{ixf* A) = Z fa ()

k=0

Parametric stage problems

1
TEQ\) = Hzlin iszszk + PN 2 + @ ()

st. dy, < Dz < dp,

Properties of f*
e concave
e piecewise quadratic
(2*(X) continuous, piecewise affine )
o frcO!

o "};Tf;(k) constant within each primal active set
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Dual (nonsmooth) Newton strategy

e Unconstrained concave high-level problem
max f*()

e Apply Newton’s method

A= X+ aAX

where

20—

e Globalization needed due to kinks
e Convergence under mild assumptions
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Solution of stage QPs
Dual function

o 1 v ] [-E
Z FE() =min —z Hyz + | gf + ; " zk + Moy 1k
k=0 2 Ak41 Cy
st. dj, < Dyzp < di,
Stage QP

1
fe(A) = iy §ZkT-Hka +pe(N) T2k + ae (V)

s.t. dy < Drzi, < dy,

e Parametric gradient, Hessian constant

e General case: parametric active set strategy
(e.g., gpOASES )

e diagonal H, identity D: clipping
2 »= max(d,,, min(z, di,))
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Sparsity patterns of the Newton system

Dual function

N

k=0

st. dj < Dpzp < dy,

Structure of the Newton system
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e Tailored Cholesky factorization
e Newton Hessian might be indefinite
e Levenberg-Marquardt or “on-the-fly” regularization
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Analytical gradient computation

Dual function

al 1 N 1 [-E
I T i k — L T
kzo fr(\) = min 52 Hyz, + (gk + [/\HJ [ o, }) 2k + Ay1Ck
st. dj, < Dy, < di,

Dual gradient
afy
M | _ (= EBk| s [0
ofr | ~ Ce | %7 |en
OApt1

Af* 9z .
* %535 terms vanish
o follows from Danskin’s theorem

e easy to see via chain rule and stationarity property
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Analytical Hessian computation
Dual gradient

afy

N

OXgt1

Hessian blocks
2 2 < Olk_ 4 %> - 2%k g, B —Cy P E}

ONeAm1  ONe \ONpt1 | Ot O O
=0
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= = —Cr_ 2%k — Cy_1Pr_,C E.P'E
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e Constraint Nullspace elimination matrix
Pri= 2522 H,Zy) 2T e R=xme
e Nullspace basis matrix Z; of QP;, € R7= X (12 —7act)

e Z; and symmetric factor of (Z;;THkZ;g)*1 often for free in nullspace method
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Bottom-up Hessian factorization
Observation

e Hessian blocks change only if {Cy, B} (Z;(Z;THkZ;)_IZ,jT) {Cy, Bx}"
changes
e Change triggered by active-set change of stage QP

Assumption

e Few active-set changes on last intervals
e Motivation: tracking MPC problems, LQR terminal cost

Implications for factorization

e Invert elimination order in Cholesky factorization (“backwards in time”)
e Start factorization only at last stage with active set change

e Better numerical stability in practice (singular Hessian caused by active
constraints)
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Warmstarting of the dual Newton strategy
Guaranteed active set change

o If Newton Hessian unregularized
e Intrinsic due to piecewise quadratic nature
e Possibly many active set changes per iteration

Shifting policy
A =M, Vk=1,...,N-1

AN = AN

Steps of the dual Newton strategy:

1-step terminal convergence

e [* quadratic within each primal AS

e Newton’s method finds quadratic
minimizer

e Nominal MPC: convergence in first
iteration (even NMPC)
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Software implementation

gpDUNES — An implementation of the DUal NEwton Strategy
e Open-source sparse QP solver

e Plain ANSI C

e Custom linear algebra

e Dynamic memory for flexibility, static for performance (soon :)

e Linear MPC from C/C++ and Matlab

e Usable as sparse QP solver within ACADO Toolkit

» Nonlinear MPC
» Moving Horizon Estimation

e Version with support for affine constraints not yet public

http://mathopt.de/qpDUNES
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Linear MPC Benchmarking: Double Integrator

computation time [ms]
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Double Integrator: Primal Regularization
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Linear MPC: Oscillating masses from
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Hanging chain of masses: linear MPC (M = 5)
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Hanging chain of masses: nonlinear MPC (M = 2)

Average computation time [ms]

Maximum computation time [ms]
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Hanging chain of masses: nonlinear MPC (M = 3)

Chain of Masses, M =3 [n, = 21,n, = 3]
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qpDUNES roadmap

Current status

e linear MPC interfaces from C/C++ and Matlab
e available for nonlinear MPC in ACADO
e diagonal Hy, simple bounds: public; affine constraints: on request

Open theoretic isues

e infeasibility detection: only local proof and conjecture so far

Open software isues

e parallelization
e code generation & static memory version
¢ infeasibility detection
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