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Rigid body kinematics

Before starting to write equations, think about:

1 How does my system look like?

pointmass brick, train
rotating brick, car, plane, bike
multibody system, double pendulum, kites

2 Which kind of motion?

translation
rotation
constraints

3 Which level of detail?

“Everything Should Be Made as Simple as Possible, But Not
Simpler”, A. Einstein
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Rigid body kinematics

How do I describe my system?

1 Define generalised coordinates q

2 Compute the energy:

kinetic T (q, q̇) = 1
2mv2 + 1

2Jω
2

potential U(q) = mgz + 1
2k(l − l0)

2

3 Define the constraints: C(q, q̇)

4 Define the Lagrangian L = T − U + λTC

5 Compute the equations of motion

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= F q

6 Compute the generalised forces F q
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Example: Pendulum

θ

m

l

x

y q =

θ

p = l

[
sin θ

− cos θ

]
ṗ = l θ̇

[
cos θ
sin θ

]

T =
1

2
mṗ>ṗ =

1

2
ml2θ̇2 =

1

2
J θ̇2

U = mgy = −mgl cos θ

d

dt

(
∂L

∂q̇

)
= ml2θ̈,

∂L

∂q
= −mgl sin θ

θ̈ = −g

l
sin θ



Euler-Lagrange Equations 6 / 29

Example: Pendulum

θ

m

l

x

y q = θ

p = l

[
sin θ

− cos θ

]
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Example: Elastic Pendulum

θ

m

l , k, l0

x

y q =

[
l
θ

]
, p = l

[
sin θ

− cos θ

]
ṗ = l θ̇

[
cos θ
sin θ

]
+ l̇

[
sin θ

− cos θ

]

T =
1

2
mṗ>ṗ =

1

2
m(l2θ̇2 + l̇2), U = −mgl cos θ+

k

2
(l − l0)2

d

dt

(
∂L

∂q̇

)
=

[
ml̈

ml2θ̈ + 2mll̇ θ̇

]
∂L

∂q
=

[
ml θ̇2 + mg cos θ − k(l − l0)

−mgl sin θ

]
[

l̈

θ̈

]
=

[
l θ̇2 + g cos θ − k

m
(l − l0)

g
l

sin θ − 2
l
l̇ θ̇

]
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ṗ = l θ̇

[
cos θ
sin θ

]
+ l̇

[
sin θ

− cos θ

]

T =
1

2
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Example: Constrained Pendulum

θ

m

l , l0

x

y

λ = tension in the rod

q =

[
l
θ

]
,

p = l

[
sin θ

− cos θ

]
ṗ = l θ̇

[
cos θ
sin θ

]
+ l̇

[
sin θ

− cos θ

]

T =
1

2
mṗ>ṗ =

1

2
m(l2θ̇2 + l̇2), U = −mgl cos θ

C = l − l0, L = T − U − λC

d

dt

(
∂L

∂q̇

)
=

[
ml̈

ml2θ̈ + 2mll̇ θ̇

]
∂L

∂q
=

[
ml θ̇2 + mg cos θ − λ

−mgl sin θ

]
[

l̈

θ̈

]
=

[
l θ̇2 + g cos θ − λ

m
g
l

sin θ − 2
l
l̇ θ̇
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ODE[
θ̈
λ

]
=

[ g
l

sin θ

ml θ̇2 + mg cos θ

]
, l = l0



Euler-Lagrange Equations 8 / 29

Example: Constrained Pendulum

θ

m

l , l0

x

y

λ = tension in the rod

Index-3 DAE l̈

θ̈
0

 =

 l θ̇2 + g cos θ − λ
m

g
l

sin θ − 2
l
l̇ θ̇

l − l0


Index reduction:

Ċ = l̇ ,

C̈ = l̈

Index-1 DAE l̈

θ̈
0

 =

 l θ̇2 + g cos θ − λ
m

g
l

sin θ − 2
l
l̇ θ̇

l̈


C(t = 0) = 0, Ċ(t = 0) = 0
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mÿ

]
∂L

∂q
=

[
−λx

−mg − λy

]
 ẍ
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ÿ
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 ẍ
ÿ
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ÿ
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ÿ
0

 =

 −λx
m

−g − λy
m
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ẋ2 + ẏ 2
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λ = m
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ẋ2 + ẏ 2 − gy

l2

T x = λx , T y = λy



Euler-Lagrange Equations 10 / 29

Example: Pendulum in Cartesian Coordinates

T

mg

θ

m

l

x

y

 ẍ
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ẍ
ÿ
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ẋ2 + ẏ 2
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ẋ2 + ẏ 2
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λ = m
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− λx2 −mgy − λy 2 + mẋ2 + mẏ 2
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Principle of Virtual Works

How to include external forces/torques?

Generalised coordinates q ⇒ generalised forces F q

Typically, it is natural to express forces F in a coordinate frame x 6= q.

How can we compute F q?

Virtual displacement: δx

Principle of Virtual Works: δW := Fδx = F qδq

x = x(q), then: δx = ∂x
∂q
δq

Generalised forces:

F q = F
∂x

∂q
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Examples

Mass on a frictionless inclined plane

mg
v

w

θ
x

y

[
x
y

]
=

[
v cos θ + w sin θ
−v sin θ + w cos θ

]
=

[
cos θ sin θ
− sin θ cos θ

]
︸ ︷︷ ︸

R

[
v
w

]

q = v , Fδy = F qδv , F q = F
∂y

∂v
= −F sin θ = mg sin θ

The generalised force F q is constant!

Pendulum with Horizontal Force

F

θ
m

l
x

y

q = θ, x = l sin θ, F q = F
∂x

∂θ
= Fl cos θ

The generalised force F q depends on q!
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A Nice Interpretation of Euler-Lagrange

We will use

∂v

∂q
=

d

dt

(
∂x

∂q

)
,

∂v

∂q̇
=
∂x

∂q

and

dv

dt

∂x

∂q
=

d

dt

(
v
∂x

∂q

)
− v

d

dt

(
∂x

∂q

)

=
d

dt

(
v
∂v

∂q̇

)
− v

∂v

∂q

=
d

dt

(
1

2

∂v 2

∂q̇

)
− 1

2

∂v 2

∂q

Then:

m
dv

dt

∂x

∂q
=

d

dt

(
1

2

∂mv 2

∂q̇

)
− ∂

∂q

(
1

2
mv 2

)

=
d

dt

(
∂T

∂q̇

)
− ∂T

∂q

The Euler-Lagrange Equations are Newton’s Equations projected on the

generalised coordinates!
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Exercises

Model a double pendulum in polar and cartesian coordinates (assume
l1 = l2 = l , m1 = m2 = m)

θ1

θ2

m

m

l

l

x

y

θ1

θ2

m

m

l

l

x

y

Model a pendulum attached to a crane in polar and cartesian coordinates

Assume to be able to change the length of the crane rod

θ
m

l
x

y
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2 Modelling the Rotation Dynamics (Gros2012f,Gros2013b)

3 Baumgarte Stabilisation (Gros2012f)

4 Tether Models (Pesce2003, Zanon2012, Zanon2013a)
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What we already know

Define

Body frame e

Rotation R =
[
ex ey ez

]
Rotatiornal dynamics

Ṙ = R>Ω, (R>R − I )
∣∣∣
t=t̄

= 0

Ω =

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

 = ω× =

 ωx

ωy

ωz


×

This is simple, but...
it only holds if translational and rotational dynamics are

decoupled!

Good news: if you consider the free motion of the CG they are decoupled!

...unless... there is a coupling constraint
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What if they are coupled?

Define

1 Generalised coordinates q = {r ,R}
2 Lagrangian

L = T − U − tr(Λ(R>R − I ))︸ ︷︷ ︸
Orthonormality constraint

− λ>C(r ,R)︸ ︷︷ ︸
Other constraints

3 Matrix derivative

∂

∂R
=


∂

∂R11

∂
∂R12

∂
∂R13

∂
∂R21

∂
∂R22

∂
∂R23

∂
∂R31

∂
∂R32

∂
∂R33


4 Compute the equations of motion

d

dt

∂L

∂ ṙ
− ∂L

∂r
= F r

→ This is standard, we know how to handle it

d

dt

∂L

∂Ṙ
− ∂L

∂R
= FR

→Weird... What is FR? Why Ṙ instead of ω?
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∂Ṙ
− ∂L

∂R
= FR

→Weird... What is FR? Why Ṙ instead of ω?
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Idea!

Project Ṙ on ω

, ok, cool! But how?

Define: projection operator (“unskew”)

P(A) = U(R>A), U

 b11 b12 b13

b21 b22 b23

b31 b32 b33

 =
1

2

 b32 − b23

b13 − b31

b21 − b12



What is this beast?

P(Ṙ) = U(R>RΩ) = U(Ω) = U

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

 =
1

2

 2ωx

2ωy

2ωz

 = ω
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L = T︸︷︷︸
Ttr+Trot

−U − tr(Λ (R>R − I )︸ ︷︷ ︸
Con

)− λ>C(r ,R)

Kinetic Energy:

T rot =
1

2
ω>Jω =

1

2
P(Ṙ)>JP(Ṙ)

Projecting:

2P
(

d

dt

∂T rot

∂Ṙ
− ∂T rot

∂R

)
= Jω̇ + ω × Jω

Orthonormality Constraint:

d

dt

∂ tr(ΛCon)

∂Ṙ
− ∂ tr(ΛCon)

∂R
= 0 + R

(
Λ + Λ>

)
Projecting:

P
(
R(Λ + Λ>)

)
= U

(
R>R(Λ + Λ>)

)
= U

(
Λ + Λ>

)
= 0
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L = T︸︷︷︸
Ttr+Trot

−U − tr(Λ (R>R − I )︸ ︷︷ ︸
Con

)− λ>C(r ,R)

Kinetic Energy:

T rot =
1

2
ω>Jω =

1

2
P(Ṙ)>JP(Ṙ)

Projecting:

2P
(

d

dt

∂T rot

∂Ṙ
− ∂T rot

∂R
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= Jω̇ + ω × Jω

Orthonormality Constraint:

d

dt

∂ tr(ΛCon)
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To conclude...

What about the torques?
Principle of virtual works: F rot = 2P(FR)

Hence

2P
(

d

dt

∂L

∂Ṙ
− ∂L

∂R
− FR

)
= Jω̇ + ω × Jω + 2P

(
∂

∂R

(
V + λ>C

))
− F rot = 0

Finally! The equations of motion

mr̈ +
∂V + λ>C

∂r
= F r

Jω̇ + ω × Jω + 2P
(
∂

∂R

(
V + λ>C

))
= F rot

Ṙ = RΩ

C(p,R) = 0
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Ṙ = RΩ

C(p,R) = 0



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 20 / 29

To conclude...

What about the torques?
Principle of virtual works: F rot = 2P(FR)

Hence

2P
(

d

dt

∂L

∂Ṙ
− ∂L

∂R
− FR

)
= Jω̇ + ω × Jω + 2P

(
∂

∂R

(
V + λ>C

))
− F rot = 0

Finally! The equations of motion

mr̈ +
∂V + λ>C

∂r
= F r

Jω̇ + ω × Jω + 2P
(
∂

∂R

(
V + λ>C

))
= F rot
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Ṙ = RΩ

C(p,R) = 0



Modelling the Rotation Dynamics (Gros2012f,Gros2013b) 20 / 29

To conclude...

What about the torques?
Principle of virtual works: F rot = 2P(FR)

Hence

2P
(

d

dt

∂L

∂Ṙ
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How do we stabilise the invariants?

From index reduction (the index-1 DAE imposes C̈ = 0):

C0 =

[
C

Ċ

]
, Ċ0 = ACC0 =

[
0 I
0 0

]
C0, eig(AC ) = 0

Simple idea: add a linear controller

˙̄C0 = ĀCC0 =

[
0 I
−p2I −2pI

]
C0, eig(ĀC ) = −p
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Figure: Invariant simulation with p = 1 and C̈ = 10−6 or C̈ = U(0, 10−6)



Baumgarte Stabilisation (Gros2012f) 22 / 29

How do we stabilise the invariants?

From index reduction (the index-1 DAE imposes C̈ = 0):

C0 =

[
C

Ċ
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What about the orthonormality condition?

Invariant and rotational dynamics:

(R>R − I ) = 0, Ṙ = RΩ

Correction:

Ṙ = R(Ω + Ξ), Ξ ∈ S3

Choose:

Ξ =
γ

2

(
(R>R)−1 − I

)
Then:

d

dt
(R>R − I ) = R>Ṙ + Ṙ>R

= R>RΩ + Ω>R>R +
γ

2
R>R

(
(R>R)−1 − I

)
+
γ

2

(
(R>R)−1 − I

)
R>R

= R>RΩ + Ω>R>R − γ
(
R>R − I

)
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How can we model the tether dynamics?

Finite element model (Nk elements):

1 Lumped mass model

Tether = chain of masses + massless rigid links

Tk =
∑Nk

j=0
1
2

mk

Nk+1 ṙ
>
k,j ṙk,j

Uk =
∑Nk

j=0
mk

Nk+1gzk,j

2 Full model

Tether = chain of rigid links with mass

Tk =
∑Nk

j=1
1
6

mk

Nk+1 (ṙ
>
k,j ṙk,j + ṙ>k,j−1ṙk,j−1 + ṙ>k,j ṙk,j−1)

Uk =
∑Nk

j=0
1
2

mk

Nk+1g(zk,j + zk,j−1)

Constraints:

Ck =
1

2

(
(rk,j − rk,j−1)>(rk,j − rk,j−1)− lk

Nk

)
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>
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Uk =
∑Nk

j=0
1
2

mk

Nk+1g(zk,j + zk,j−1)

Constraints:

Ck =
1

2

(
(rk,j − rk,j−1)>(rk,j − rk,j−1)− lk

Nk

)



Tether Models (Pesce2003, Zanon2012, Zanon2013a) 25 / 29

How can we model the tether dynamics?

Finite element model (Nk elements):

1 Lumped mass model

Tether = chain of masses + massless rigid links

Tk =
∑Nk

j=0
1
2

mk

Nk+1 ṙ
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>
k,j ṙk,j
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>
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Tether Forces

1 Drag force of each tether section:

Simple model:

FS
k,j = −

1

2
ρk,jdk,j lk,jCD‖vk,j‖vk,j

vk,j =
ṙk,j−1 + ṙk,j

2
− w

(
zk,j−1 + zk,j

2

)
Finer model:

dFk,j (σ) = Fk,j (σ)dσ = −
1

2
ρk,jdk,j lk,jCD‖vk,j‖vk,j dσ

vk,j = σṙk,j−1 + (1− σ)ṙk,j + w(z)

z = σzk,j−1 + (1− σ)zk,j

FS
k,j−1 =

∫ 1

0
σFk,j (σ)dσ

FS
k,j =

∫ 1

0
(1− σ)Fk,j (σ) dσ

2 Drag force acting at the generalised coordinates rk,j

FD
k,j =
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Mass Entering/Exiting the Control Volume

Is m = m(t)?

Or rather m(t, q, q̇)?

What is the velocity vm with which it enters the system?

We need to correct the equations

Generalised Forces

F q = (Fnc + ṁvm)
∂x

∂q

ṁ(vm − v) = Metcherky’s force

Euler - Lagrange Equations

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= F q +

1

2

d

dt

(
∂m

∂q̇
v 2

)
− 1

2

∂m

∂q
v 2

Note that v = v(t, q, q̇).
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ṁ(vm − v) = Metcherky’s force

Euler - Lagrange Equations

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= F q +

1

2

d

dt

(
∂m

∂q̇
v 2

)
− 1

2

∂m

∂q
v 2

Note that v = v(t, q, q̇).



Tether Models (Pesce2003, Zanon2012, Zanon2013a) 27 / 29

Mass Entering/Exiting the Control Volume

Is m = m(t)?

Or rather m(t, q, q̇)?

What is the velocity vm with which it enters the system?

We need to correct the equations

Generalised Forces

F q = (Fnc + ṁvm)
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ṁ(vm − v) = Metcherky’s force

Euler - Lagrange Equations

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= F q +

1

2

d

dt

(
∂m

∂q̇
v 2

)
− 1

2

∂m

∂q
v 2

Note that v = v(t, q, q̇).



Tether Models (Pesce2003, Zanon2012, Zanon2013a) 27 / 29

Mass Entering/Exiting the Control Volume

Is m = m(t)?

Or rather m(t, q, q̇)?

What is the velocity vm with which it enters the system?

We need to correct the equations

Generalised Forces

F q = (Fnc + ṁvm)
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Example: Winch

Control volume: winch + suspended tether

m = µL ms(θ) = µRθ mr(θ) = m − µRθ

T =
1

2
(J + mR2)θ̇2 U = −

1

2
ms(θ)gRθ = −

1

2
µgR2θ2

d

dt

(
∂L

∂q̇

)
−
∂L

∂q
= F q

(J + mR2)θ̈ − µgR2θ = 0
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F q = (F t + ṁrvmr )R = F tR − µR3θ̇2

d(msv)

dt
− F t − ṁsvms = 0
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Exercises

1 Model a single kite without rotational dynamics (pointmass model)
[Gros2012a, Zanon2013]

2 Model a single kite with rotational dynamics (but no bridle) [Gros2012f,

Zanon2013c]

3 Model a single kite with bridle [Gros2013b]

4 Model a dual kite system [Zanon2014a]
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