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Motivation

(Some) requirements for good control and estimation performance:
¢ long prediction horizons
e short reaction times — fast algorithms
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Solution framework for dynamic optimization

Discretized OCP

e X, € R™ system state

N
Al >k (X, Ug) e ux € R™ control inputs
k=0
Xo € R™ initial value
s.t. Xk+1 = Fr (X, k) Vk=0,...,N—1 °
. e F hides IVP solution
Xo = Xo
o (ly, Fy, i possibly
0 < re (xk, U, Vk=0,...,N
< e (X ki)} nonlinear
Linearization Linearization schemes:
i e SQP: iterative lineariza-
nghly S CtUI’ed QP tion and QP solution
N e RTI: one QP per sampling
) 1 ’
min 1;0 (5 ZE Hezi + g;{zk) time
- e MLI: partial and/or inexact
s.t. Ex112k11 = Crzk + Ck Vk=0,...,N—1 linearizations

QkSDkagak VkZO,...,N
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QP sparsity patterns in dynamic optimization

s.t.
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QP sparsity exploitation I: Condensing
Split variables

Partitioning: v = (x4, ..., Xn), W = (Xo, Up, ..., UN_1)

1+l L)

T
Hyy Hwy
Hw  Huw

1 [v
min —
vaw 2 |w

st. 0=Cywv+Cww+cC

d<D{V
w

Eliminate v:= C,'c+ C,'C,w
Solve reduced -size, dense QP (e JgilE

e Elimination quadratic in horizon
length

e Dense QP of size N ny

<d

m|n 5 W Hoongw + gCond w

st dong < DeonaW < doond



QP sparsity exploitation ll: Interior point methods

Highly structured QP Characteristics:

e Sparsity of linear system:

N
. 1
min > (5 Z¥ Hezi + ngzk>
k=0
s.t. Ek12Zk41 = Ckzx + ck Vk=0,...,N—1

0 = Dyzi — dk +Sk Vk=0,...,N

Linearize KKT system

H cT DT Az re

c AN foq e Choice of right-hand side

D | Ap == Fioq depends on specific method
S M As e (e.g., barrier parameter)

e Tailored factorization possible

Perform Newton steps .
e Does not benefit from

[z A S]Jr:a[Az AN Ap As] similarity between problems
(“warmstarting”)
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Exploiting QP structure lll: Dual decomposition

Highly structured QP

N
) 1 .
min > (§sz Hyzi + ngzk> Assumptions
k=0 ° Hk =0
s.t. Exi12k41 = Cxzk + Ck Vk=0,...,N—1 o feasible
dy < Dyzy < dg Vk=0,...,N
Partial dualization
N 1 N—1
max min (EZEszk + gEzk) + > M1 (Czk + ¢k — Exi12k41)
k=0 k=0
s.t. ngDkafak Vk=0,....,N

Separable dual function
N (4 M 1 [-E
; Z _-TH T k —Ek AT
mex mn k=0 (ZZk K& (gk - )\k+1:| [ Ck ]) o k+1Ck>

s.t. ngDkaSak Vk=0,...,N

7 Janick Frasch | Quo vadis qpDUNES?




A separable two-level reformulation

Unconstrained consensus problem

N
max f*(X) := > R
k=0

Parametric stage problems

1
fi () = min EZEszk + PN Tz + (V)

s.t. dy < Dgzx < dx,

Propertles of f*

concave
e piecewise quadratic

(z* () continuous, piecewise affine )
o f* e (!
&%
N2
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Dual (nonsmooth) Newton strategy

¢ Unconstrained concave high-level problem
f*
max (N)

e Apply Newton’s method

AN = N 4+ aAN

where

o] or= [t

e Globalization needed due to kinks
e Convergence under mild assumptions
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Sparsity patterns of the Newton system

Dual function

N

> kW= m|n *Zk & Hizi + Pk (s A1) T 2k + Gk (ks Akt)
k=0

st. dy < Dxze < d,

Structure of the Newton system

[ 92f* 82f* T of oty
Y XAz ANy —3/\01 + 73,\11

o *

92f* 92 f* . of] ofy
ran o2 : By 22 T B

22f*
OAN—_1AN

921+ 921* INW AfN_4 oy
L OANAN—1 N OAN N

— Tailored Cholesky factorization
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Solution of stage QPs

Dual function

4 a1 [-E
K —Ex
] [ ] S
Ak+1 Ck
st dy < Dgze < d,

> k() =min %ZE Hyezi + (ng 4
Stage QP

k=0
1
fi(A) :=min EszHka +px(N) " 2k + gr(A)

s.t. dy < Dz < dk,

e Parametric gradient, Hessian constant
e General case: parametric active set strategy
(e.g., gpOASES )
e diagonal H, identity D: clipping
z; := max(d,, min(zx, di))
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Dual problem setup

Dual function

T
Ak _E,
:| |: :| o AE+1 *
Akt1 (3
st. dy < Dz < dy,

Dual gradient e Analytical, closed-form

expressions

N
1
> (N =min Sz Hezk + | o8 +
k=0 e 2

any
AN | _ ([—Ek:| Z+ [0]> e Concurrent, block-wise
oty - © c .
v k k setup possible
Hessian blocks
O2f* _ oz B ozy _C.PrET e Constraint Nullspace
8)\,()\“1 = S Ok ka)\k - KTk =k elimination matrix P;: =
— * * * -1 *
0 Z; (ZkTHk zZy) ZkT
92 f* oz oz} . N . N
= Bl G = = ExPrEY+Ch_1P;_CF, ° Nullspace basis matrix Z; of
Ok Ak Ok Ok

stage problem
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Bottom-up Hessian factorization

o Hessian blocks change only if { Cy, Ex} (zk* (Z;" Hy z;)‘1z;T) {Ci, E}™
changes
e Change triggered by active-set change of stage QP

e Few active-set changes on last intervals
e Motivation: tracking MPC problems, LQR terminal cost

Implications for factorization

e Invert elimination order in Cholesky factorization (“backwards in time”)
o Start factorization only at last stage with active set change

o Better numerical stability in practice (singular Hessian caused by active
constraints)
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Parallelization aspects

Separable dual function

N 1 v 1T T—E
KOV iy iy k —LCk T
Y ) =rminpeihect (gk ] 1 D 2+ Mo

s.t. dy < Dyzie < dg,

e Concurrent evaluation of stage QPs possible
e Setup of Newton system parallelizable

e log N parallel Hessian factorization via cyclic reduction

Janick Frasch | Quo vadis qpDUNES?



Exact line search

Line search

e Goal: find o' ~ argmax f*(\ + aAN)
0<a<i

Parametric active set strategy irereau el 2008

o tracks z;(\ + TAN) for 7 € [0,1]
e f7(7) is univariate piecewise quadratic
concave spline.

Exact line search

¢ logging of spline base points in parametric active set strategy
e superpositioning over stages
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Software implementation

gpDUNES — An implementation of the DUal NEwton Strategy

e Open-source sparse QP solver

e Plain ANSIC

e Custom linear algebra

e Dynamic memory for flexibility, static for performance (soon :)
e Linear MPC from C/C++ and Matlab

e Usable as sparse QP solver within ACADO Toolkit

» Nonlinear MPC
» Moving Horizon Estimation

e Version with support for affine constraints not yet public

http://mathopt.de/qpDUNES
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Linear MPC Benchmarking: Double Integrator

1R - 10* ¢ [—— gpDUNES
% —o— FORCES
T -+~ CPLEX L x
‘x_,——" - % - quadprog »____,-x—»""
o f—f;::—”_t il el | ,,‘,<—,>¢—,1’i e - m -t
%10‘f S
5
g
z
z
RIS
—*— gpDUNES
—o— FORCES //
-+ -CPLEX
~ % - quadprog
107! ‘ s , 10! s ‘ ‘
50 100 150 200 50 100 150 200

N

Cold started

N

Warm started
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Linear MPC: Oscillating masses from

1000r —— gpDUNES
—— FORCES
800r | —— CPLEX
§ — quadprog
5 600/
" 400/
Z
200}
; L |
107 10° 10' 10°

computation time [ms]
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Hanging chain of masses: linear MPC (M = 5)

10°F 10%
—*— gqpDUNES —*— gpDUNES
—6— FORCES —6—FORCES
- % - quadprog - % - quadprog
10° [ x 10° emmm e m xe--mmmTTTTT *

computation time [ms]
2

computation time [ms]
2,

10’ — 10
10?30 55 4‘0 4‘5 E;O 55 éO 10?30 3‘5 4‘0 4‘5 5‘0 5;5 éo
N N
Mean computation times Maximum computation times
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Hanging chain of masses: nonlinear MPC (M = 2)

Average computation time [ms]

Maximum computation time [ms]

-
o N

[oe]

— - N N W
o . o u o g o

Chain of Masses, M =2 [n, = 15,n, = 3]

[ sparse - full RTI

r Il sparse - feedback
[Jcondensed - full RTI

(| I condensed - feedback

- —eezatalatalalal

10 20 3 90 100

Horizon length

Chain of Masses, M =2 [n, = 15,n, = 3]

[ sparse - full RTI —
| Il sparse - feedback
[lcondensed - full RTI

(| I condensed - feedback

10 20 30 40 50 60 70 80 90 100
Horizon length
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Hanging chain of masses: nonlinear MPC (M = 3)

Chain of Masses, M =3 [n, = 21,n, = 3]

n
o
T

[ sparse - full RTI -
Il sparse - feedback

' condensed - full RTI
I condensed - feedback

—_
o

-
o

(53]
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o
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a
o
1

[ sparse - full RTI

| Il sparse - feedback
[lcondensed - full RTI
|| I condensed - feedback

N
o

W
o

n
o
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o
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Challenges to qpDUNES’ performance

Chain of Masses, M =5 [n; = 33, ny= 3]
70

[ sparse - full RTI
I sparse - feedback
I condensed - full RTI

1| I condensed - feedback

-3
=)
T

@
=}

Average computation time [ms]
n w S
o =] o
T T T

=)

OjiF e L1
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N
=}
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|| B sparse - feedback —
[ condensed - full RTI

I condensed - feedback

=
S
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n
o
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ABB Compressor: nonlinear MPC

Compressor [n, = 6,n, = 2]

[ sparse - full RTI

2.51 Ml sparse - feedback
[Icondensed - full RTI

2/| [ condensed - feedback

Average computation time [ms]
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[Jcondensed - full RTI
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Maximum computation time [ms]
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Performance analysis

Comparison with dual decomposition first-order methods

o DUNES requires drastically fewer iterations (~ 10° — 10")
« DUNES exploits dual function curvature to predict active set
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Warmstarting of DUNES

Guaranteed active set change

o If Newton Hessian unregularized
e Intrinsic due to piecewise quadratic nature
o Possibly many active set changes per iteration

Shifting policy
M=y VYk=1,....N—1

AN = AN

One-step terminal convergence

e f* quadratic within each primal AS

e Newton’s method finds quadratic
minimizer

e Nominal MPC: convergence in first
iteration (even NMPC)
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Loss of Hessian regularity
e Want to solve Newton system M(\) AX = G())
—1
o Dual Hessian given by M()\) = C Z* <Z*THZ*) pantols

e For non-optimal iterates (despite LICQ):
Active stage constraints may be linearly dependent across stages

e Dual Hessian may turn out singular

Regularization Preconditioned gradient steps

Solve modified Newton system: Defaultto 1 = C H-1CT

M = 0 by LICQ

Solve M AN = G())

Can show M = M()) for any A
No globalization needed

(M(X) +~1)AX= G())

e Large ~ improves conditioning
e but: perturbs Newton step

e M can be factorized offline
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A DUNES for Non-Convex Optimization

Linearly coupled NLP Hitches:
e Non-zero duality gap
e Non-unique multipliers

N .
st > Cizk = e Loss of original
k=0 convergence guarantees

N
min > lk(2x)
k=0

dk(Zk)SO VKZO,...,N

Here: /x, dx possibly non-convex

Original stage problem

n;in Ek(zk) -+ )\TCk Zx
k

s.t. dk(z¢) <0
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A DUNES for Non-Convex Optimization

Linearly coupled NLP Hitches:
e Non-zero duality gap
e Non-unique multipliers

N ..
st > Cizk = e Loss of original
k=0 convergence guarantees

N
min > lk(2x)
k=0

dk(Zk)SO VKZO,...,N

Here: /x, dx possibly non-convex

Remedy: use augmented-Lagrangian stage problem formulation

Augmented stage problem [IEAMUEIELS

‘ T p 5 °® A updated from dual consensus problem
min - £(2k) + A" C 2 + 5 12k — Yills, . . . .
Zk 2 e Yy, primal variables “associated” with A

s.t. de(zk) <0 e convergence requires Xx > 0, p sufficiently large
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qpDUNES roadmap

Open source software

linear MPC interfaces from C/C++ and Matlab
available for nonlinear MPC in ACADO
diagonal Hy, simple bounds: public

¢ affine constraints: group internal

Open software issues

parallelization

code generation and static memory version

efficient cold-starting

Support for collocation problems?

Support for non-convex/not strictly convex problems?
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